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face under a remote biaxial transverse load is presented. In particular, this work is focused on the tension
dominated failure. After an abrupt onset the crack grows unstably up to achieving an arrest length. A sim-
ple plane strain model of a single circular inclusion surrounded by an unbounded matrix allows obtaining
conclusions approximately valid for a dilute ﬁbre packing. Linear isotropic elastic behaviour is assumed
for both inclusion and matrix. Two classical elastic solutions for both perfectly bonded and partially deb-
onded circular inclusions are used together with a coupled stress and energy criterion, proposed recently
in the framework of ﬁnite fracture mechanics, and a phenomenological law for fracture toughness of
interface cracks growing in fracture mixed mode. The obtained analytical and semi-analytical expressions
make easy studying the inﬂuence of all the dimensionless parameters governing the ﬁbre–matrix system
behaviour: Dundurs elastic bimaterial constants a and b, the interface brittleness number c and the load
biaxiality parameter g. A size effect of the inclusion radius on the critical load is predicted, smaller inclu-
sions being stronger and less dependent on the secondary load. Finally, an experimental procedure for
measurement of the ﬁbre–matrix interface fracture and strength properties is proposed.
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Composites reinforced by long ﬁbres are commonly used as a
structural material in lightweight structures at present. In aero-
space applications, where lightweight is a key aspect of the design,
their level of structural responsibility has signiﬁcantly increased as
they are massively used in primary structures. However, our
understanding of the damage mechanisms occurring in these com-
posites on different scales is still insufﬁcient. Thus, it is necessary
to generate more knowledge about these mechanisms in order to
avoid the present high level of uncertainty in the failure loads pre-
dicted in the design.
One of the most complex failure mechanisms on micro scale in
these composites is associated to the matrix failure, also called in-
ter-ﬁbre failure. In particular, the tension dominated mechanism
follows a well described sequence of stages, see Hull and Clyne
(1996) and París et al. (2007): (i) failure is initiated at the ﬁbre–
matrix interface as small debonds, (ii) the interface cracks grow
along the interface until a certain arrest angle and then (iii) kink
out the interface towards the matrix, (iv) coalescence of growing
matrix cracks generates a macrocrack which may cause the failure
of the unidirectional lamina.ll rights reserved.
+34 954461637.
aelgarcia@us.es (I.G. García).The present work is focused on the two ﬁrst steps of this failure
mechanism: crack initiation and growth at the ﬁbre–matrix inter-
face. Problem of a single ﬁbre embedded in a matrix including a
partial debond has been intensively studied by many authors for
a long time, see París et al. (2007) and Manticˇ (2009) for compre-
hensive reviews. Nevertheless, the debond onset has not attracted
a sufﬁcient attention up to the last decade. Results presented in
bibliography have usually been obtained by computational meth-
ods as cohesive zone or weak interface models, see for instance
Carpinteri et al. (2005), Xie and Levy (2007) and Távara et al.
(2011)). Manticˇ (2009) proposed a theoretical model to predict
the crack initiation along the ﬁbre–matrix interface under a uniax-
ial remote tension. This theoretical model is based on the coupled
criterion introduced by Leguillon (2002) in the framework of the
Finite Fracture Mechanics, see also Cornetti et al. (2006) and for
a review Taylor (2007). This model proposes to apply both the
stress and energy criteria simultaneously as a sufﬁcient condition
for the interface crack onset.
In the present work, an extension of the theoretical procedure
developed by Manticˇ (2009) to the case of tension dominated re-
mote biaxial transverse loads is developed. Note that the effect of
the secondary compression in addition to a dominating tension
has been demonstrated to be important by París et al. (2003) and
Correa (2008). This analysis is carried out for dilute ﬁbre packing
where the inﬂuence of adjacent inclusions is almost negligible,
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employed based on other solutions, e.g. Kushch et al. (2010). In
addition, several models developed under the assumption of dilute
ﬁbre packing have demonstrated being useful to explain experi-
mental results even for densely packed composites, see Correa
(2008). After a revision of the solution of the elastic inclusion per-
fectly bonded to the matrix in Section 2, the elastic problem of an
inclusion with a debond is analysed in Section 3, where a general
analytical solution is simpliﬁed for this problem. Coupled criterion
is developed and applied in Section 4 obtaining results for the crit-
ical crack length and remote load at the onset. Section 5 describes
the inﬂuence of the remote secondary load and the inclusion size
on the results obtained. Finally a new experimental procedure for
an indirect measurement of the strength and fracture interface
properties is presented in Section 6.
2. Stresses in a single inclusion under a remote biaxial
transverse load
Stress based failure criteria usually consider the stress state
prior to the damage appearance. Hence the aim of this section is
to study the tractions along the ﬁbre–matrix interface under re-
mote biaxial load transverse to the ﬁbre axis. Assuming a certain
hypothesis, a classical elastic solution is particularized for this
problem providing closed form expressions of tractions. Finally,
the traction dependence on the key problem parameters is
discussed.
Consider a circular cylindrical inclusion of radius a embedded in
an inﬁnite matrix and perfectly bonded along its lateral interface.
Let ðx; y; zÞ and ðr; h; zÞ be suitably deﬁned cartesian and cylindrical
coordinate systems, the z-axis being coincident with the inclusion
(longitudinal) axis. Remote uniform biaxial transverse load
ðr1x ;r1y Þ is applied parallel to the two axes, x and y, transverse to
the cylindrical inclusion axis, see Fig. 1.
An analytic solution for stresses in this problemwas deduced by
Goodier (1933). As was shown by Hardiman (1954) the stresses in-
side the inclusion are constant. Following Manticˇ (2009), these
inclusion stresses can be rewritten in terms of the Dundurs bima-
terial constants a and b (Dundurs, 1967, 1969) as follows:
rð1Þx rð1Þxy
rð1Þxy rð1Þy
 !
¼ r1x
k 0
0 km
 
þ r1y
km 0
0 k
 
; ð1Þ
whereFig. 1. The inclusion problem conﬁguration.kða;bÞ ¼ 1
2
1þ a
1þ b
2þ a b
1þ a 2b and mða; bÞ ¼
1þ a
1þ b ð2Þ
and the Dundurs bimaterial constants are deﬁned as
a ¼ l1ðj2 þ 1Þ  l2ðj1 þ 1Þ
l1ðj2 þ 1Þ þ l2ðj1 þ 1Þ
and
b ¼ l1ðj2  1Þ  l2ðj1  1Þ
l1ðj2 þ 1Þ þ l2ðj1 þ 1Þ
; ð3Þ
with lk ¼ Ek=ð2ð1þ mkÞÞ and jk ¼ 3 4mk; Ek and mk denoting the
Young’s modulus and Poisson’s ratio, respectively. It can be shown
that 0 6 k 6 5=3 and 0 6 m 6 2.
Let a dimensionless load-biaxiality parameter g be deﬁned as
the ratio of remote stresses
g ¼ r
1
y
r1x
: ð4Þ
Then, normal and tangential tractions, r and s, acting along the
interface (r ¼ a) can be expressed as a function of the polar angle
h (see Fig. 1) and the parameter g as
rðhÞ
r1x
¼ rrðhÞ
r1x
¼ kþ ðkmÞg ð1 gÞm sin2 h; ð5aÞ
sðhÞ
r1x
¼ rrhðhÞ
r1x
¼ ð1 gÞm sin h cos h: ð5bÞ
In view of the problem symmetry only angles 0 6 h 6 90 will be
considered for the sake of simplicity.
In the following and without loss of generality it will be as-
sumed that r1x > 0 and r1x P r1y , i.e. g 6 1. The derivative of
rðhÞ evaluated from (5a),
@ rðhÞr1x
@h
¼ ðg 1Þm sin 2hð Þ: ð6Þ
This shows that normal traction is a decreasing function of h for
h 2 ½0;90 and any g 6 1. According to this and the expression in
(5a), rðhÞ achieves its maximum value at h ¼ 0:
rmax ¼ rðh ¼ 0Þ ¼ r1x  kþ r1y  ðkmÞ: ð7Þ
Note that k and km represent, respectively, the relative contribu-
tion of remote stresses r1x and r1y to this maximum value of rðhÞ.
Following (5a) and (7), the inﬂuence of r1y on the normal stres-
ses rðhÞ is given by the ratio k=m. In particular, tension
rðh ¼ 0Þ > 0 is generated by a remote compression r1y < 0 (ten-
sion r1y > 0) for k=m < 1 (k=m > 1), assuming small r1x J0.
Recalling that r1x > 0, the semiangle h0 for which the interface
normal tractions vanish is given from (5a) by
h0 g;a;bð Þ ¼ arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k
mþ km 1
 
g
1 g
s
: ð8Þ
According to this expression and the analysis in Appendix A, the an-
gle h0 2 ½0;90 does not exist for all the considered values of
g 2 ð1;1 and all admissible values of km 2 ½3=4;þ1Þ, see Manticˇ
(2009).
The condition of vanishing derivative of (5a) with respect to g
gives the angle hg for which the interface normal traction is inde-
pendent of g,
hg a;bð Þ ¼ arccos
ﬃﬃﬃﬃ
k
m
r
¼ 90  h0ðg ¼ 0Þ: ð9Þ
This expression makes sense only if k 6 m. Then, hg divides the
interface sector 0 6 h 6 90 into two regions. In the ﬁrst region
(h < hg) where @r@g < 0;r decreases with increasing the remote sec-
ondary load r1y . On the contrary, in the second region (h > hg)
Table 1
Examples of isotropic bimaterials constants (1, inclusion; 2, matrix).
Bimaterial E1 (GPa) m1 E2 (GPa) m2
Glass/epoxy 70.8 0.22 2.79 0.33
Carbon/epoxy 13.0 0.20 2.79 0.33
a b e E (GPa)
Glass/epoxy 0.919 0.229 0.074 6.01
Carbon/epoxy 0.624 0.136 0.044 5.09
k m k=m hgðÞ g0
Glass/epoxy 1.44 1.56 0.9205 16.3 0.086
Carbon/epoxy 1.32 1.43 0.9200 16.4 0.087
Fig. 2. Distribution of the normal tractions along the interface for several values of
g and glass/epoxy.
Fig. 3. The interface crack problem conﬁguration.
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@g > 0;r increases with increasing the remote secondary
load r1y . Hence, hg is a key angle to evaluate the inﬂuence of load
biaxiality.
The values of the above deﬁned and used constants characteriz-
ing the interface traction distribution for two typical ﬁbre rein-
forced composites are presented in Table 1. The glass/epoxy
bimaterial will be used as an example in the present work.
Plots of normal tractions distributions along the interface ob-
tained from (5a) for glass/epoxy are shown in Fig. 2.
3. The solution for a crack at the interface of a single inclusion
under a remote biaxial transverse load
Energy based fracture criteria consider a cracked conﬁguration.
Hence the aim of this section is to analyse the problem of a partial
debond at the ﬁbre–matrix interface. Under certain assumptions, a
classical elastic solution particularized for the present problem
provides closed form expressions for a fracture mode mixity and
the energy release rate, their dependence on the key problem
parameters being pointed out.
Consider the problem conﬁguration from the previous section
altered by the presence of a crack at the interface. In view of the
fact that the maximum of rðhÞ is achieved at h ¼ 0, see (7), it will
be assumed that this crack is symmetrically situated with respect
to the x-axis, with a semidebond angle hd P 0 and an inﬁnite
length in the z-axis direction, see Fig. 3.
A more general problem has been analytically studied by Toya
(1974) and several other authors using the open model of interface
cracks. As will be seen later on, the validity of the analytic solutions
based on the open model is limited and, thus, computational meth-
ods should sometimes be used employing the contact model of
interface cracks, see París et al. (2007) for a review.
The interface tractions at a point placed ahead of the crack tip at
the polar angle h ¼ hd þ hl; hl > 0, see Fig. 3, can be expressed by
particularizing Toya’s solution for stresses1 and rewriting it in
terms of the Dundurs parameters,
rðh;hd;g;bÞ  isðh;hd;g;bÞ ¼ r
1
x
2
1a
1 bvðh;hd;bÞpðh;hd;g;bÞ; ð10Þ
where vðh; hd; bÞ and pðh; hd;g;bÞ are deﬁned in Appendix B. It
should be noticed that the tractions along the interface are indepen-
dent of the inclusion radius a. Ratio of the interface shear and nor-
mal tractions ahead the crack tip at a small reference length (either
geometry or material based) gives a measure of fracture mode mix-
ity of an interface crack. Thus, the angle w at a reference angle hl,
measured from the crack tip (see Manticˇ (2009) for a discussion
about this reference angle for a similar problem), is deﬁned as:1 The following values of the parameters used by Toya: / ¼ 0 and e1 ¼ 0 are taken.tanwðhd; hl;g; bÞ ¼ sðhd þ hlÞrðhd þ hlÞ : ð11Þ
This angle will be used as a suitable measure of the fracture mode
mixity. Fig. 4 shows the evolution of wðhdÞ for different values of
the load-biaxiality parameter g.
The ERR of the interface crack propagating at its upper crack tip
at an angle hd can be expressed, rewriting Toya’s expression as pre-
viously, by
Gðhd;r1x ;r1y ; a; E;a;bÞ ¼
r1x
 2a
E
bGðhd;g;a;bÞ; ð12Þ
where E is the harmonic mean of the effective elasticity moduli
1
E
¼ 1
2
1 m21
E1
þ 1 m
2
2
E2
 
ð13Þ
and bG is a dimensionless normalized ERR whose expression is pre-
sented in Appendix C. According to expression (12), the ERR varies
linearly with the ratio a=E and quadratically with the remote load
r1x .
Fig. 5 shows the evolution of the normalized ERR bGðhdÞ, and also
of its asymptotes for hd  0 given by (D.1), for different values of
the load-biaxiality parameter g, see Appendix D. Validity of these
plots is limited by the validity of the open model of interface
cracks. Notice, in relation to Fig. 4, that compressions ahead of
the crack tip correspond to jwj > 90 and can become relevant for
Fig. 4. Examples of the evolution of the fracture mode mixity angle w (obtained
from Toya’s solution of the open model of interfacial cracks) taking hl ¼ 0:1 , for
different values of g and glass/epoxy.
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ping of crack faces close to the crack tip. This is not physically
admissible, so it may invalidate Toya’s solution for some values
of hd and g.
Due to the above mentioned overlapping, an additional
ﬁctitious term, corresponding in some sense to Mode I, appears
in the computation of the ERR, causing some overestimation ofbG. This overestimation can be studied by using the relation be-
tween the ERR based fracture mode mixity and the stress based
fracture mode mixity according to Manticˇ and París (2004). This
relation allows partitioning bG into two components bGðhdÞ ¼bGIðhd; dhÞ þ bGIIðhd; dhÞ, for a given virtual-crack-step angle dh, as
shown in Appendix E, leading to,
bGI;IIðhd; dhÞ ¼ 12 bGðhdÞð1 FðeÞ cosð2ðwðhd; hlÞ þ w0ðdh=hl; eÞÞÞ; ð14Þ
where hl is the reference angle for w (11) and the oscillation index e
is given in terms of b in (B.4).
Fig. 6 shows the individual components of the ERR correspond-
ing to a small virtual-crack-step angle dh ¼ 0:5. These plots allow
clarifying the range of validity of Toya’s expression of ERR for lar-
ger values of hd and different values of g. Decreasing values of g de-
creases the range of the values of hd, where Toya’s expression of
ERR is valid. This ﬁgure also conﬁrms that the cause of the strongFig. 5. Examples of the normalized ERR (obtained from Toya’s solution of the open modincrease of bG for large values of hd and g < 0 is associated to a ﬁc-
titious contribution of bGI due to a large overlapping.
In order to clarify the inﬂuence of the remote secondary load r1y
on the values of bG, it is useful to study the variation of the deriva-
tive of bG (D.1) with respect to the load-biaxiality parameter g at
hd ﬃ 0,
d2bG
dgdhd

hd¼0
¼ 2pðkmÞ kþ ðkmÞgð Þ 1þ 4e
2
 
cosh peð Þ : ð15Þ
This expression shows again the importance of the parameter k=m.
In fact, the sign of the variation of the asymptotic slope of bG at
hd ﬃ 0 with g is directly characterized by
sign
d2bG
dgdhd

hd¼0
¼ sign k
m
 1
 
k
m
þ k
m
 1
 
g
 
: ð16Þ
According to (16), a change of monotonicity of the asymptotic slope
of bG at hd ﬃ 0 occurs for (see Appendix A)
g ¼
k
m
1 km
¼ 1
g0
: ð17Þ
Thus, the sign of derivative in (15), cf. (16), for km > 1 is positive for
1=g0 < g 6 1 and negative for g < 1=g0, whereas for km < 1 it is neg-
ative for all the values of g 6 1. Consequently, for bimaterials with
k
m < 1, a remote secondary tension r
1
y > 0 will hinder the crack on-
set from the energetic approach point of view, while a secondary
compression r1y < 0 will facilitate it.
4. Interface crack onset at a single inclusion under a remote
biaxial transverse load
The approach developed by Leguillon (2002) in the framework
of the Finite Fracture Mechanics will be used to predict the crack
onset, in a similar way as done in Manticˇ (2009) for remote uniax-
ial load. The key idea of this approach is to combine a stress and an
energy criterion to predict the critical load originating crack onset
and the crack length at the onset. The reason for applying the cou-
pled criterion is that it is not possible to obtain a solution of the
crack onset problem by applying each criterion individually with-
out some extra assumptions due to the following reasons:

 A stress criterion can determine the minimal load but it cannot
determine the size of the crack originated at the onset.el of interfacial cracks) and its asymptotes for different values of g and glass/epoxy.
Fig. 6. Plots of the individual components of the ERR associated to dh ¼ 0:5 for different values of the load-biaxiality parameter g and glass/epoxy.
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 An application of the inﬁnitesimal Grifﬁth criterion requires an
existing crack to obtain a value of G different from 0 in order to
fulﬁll the condition GP Gc > 0.
However, coupling both criteria and releasing the Grifﬁth condi-
tion of inﬁnitesimal crack growth by allowing ﬁnite increments
of crack advancing, permits to obtain the length of the crack orig-
inated and the critical load required for the onset.
In view of the remote tension r1x dominating the crack onset
and the problem symmetry with respect to the x-axis, onset of a
crack situated as shown in Fig. 3 will be assumed in agreement
with experimental observations. Reasons why, in spite of the sym-
metry with respect to the y-axis, only one crack appears, resulting
in an asymmetric conﬁguration after the crack onset will be dis-
cussed in a forthcoming paper by García et al. (2012).
First, in Subsection 4.1, the stress criterion is presented and ap-
plied to the stress state analysed in Section 2. Second, a condition
imposed by the incremental energy criterion is obtained in Subsec-
tion 4.2 with the aid of the analysis introduced in Section 3. Then,
both conditions are combined in Subsection 4.3 leading to the pre-
diction of the critical load and semiangle. Finally, the post-crack-
onset evolution and the applicability of the open model of interface
cracks in the present problem are discussed in Subsections 4.4 and
4.5, respectively.
4.1. Stress criterion
A stress criterion is usually invoked if no crack exists a priori.
The present stress criterion is based on the idea of the existence
of an interface tensile-strength rc , deﬁned as the maximumtension that the interface can sustain. Thus, in the present problem,
the inclusion-matrix interface can break at those points with polar
angle h where,
rðhÞP rc; ð18Þ
deﬁning a tensile criterion. According to Appendix A and Section 2,
this criterion cannot be fulﬁlled for g 6 1=g0 and k=m > 1 because
the whole interface is under compression and no crack onset can
be predicted following the stress criterion. Hence, in the following
analysis, it will be assumed that either g > 1=g0 or k=m 6 1.
Then, combining (18) and (5a), the stress criterion can be ex-
pressed as
r1x
rc
P
1
kþ ðkmÞg ð1 gÞm sin2 h
¼ sðh;g;a;bÞ: ð19Þ
Assuming a sufﬁciently large remote loading, given by (19) for
h ¼ 0,
r1x
rc
Pmin
h
sðh;gÞ ¼ sð0;gÞ ¼ 1
kþ ðkmÞg > 0; ð20Þ
an angle hrc 2 ½0;90 can be deﬁned by rðhrc Þ ¼ rc . Then, due to the
decreasing character of rðhÞ (see (6) and discussion in Section 2),
condition (18) is veriﬁed for all h 2 ½0; hrc ,
hrc ¼ arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kþ ðkmÞg rcr1x
ð1 gÞm
s
; ð21Þ
According to a discussion in Section 2, for a given value of g an angle
h0 (8) may exist where the traction is zero. Then, condition (19)
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values of hrc ,
hrc < h0ðg;a;bÞ: ð22Þ
By combining all the conditions related to the stress criterion,
the maximum angle of a debond hrc and the function s are deﬁned
in a rigorous manner suitable for computational proposes in (F.1)
and (F.2), respectively. By using these deﬁnitions, the present
stress criterion can be written in a general form as follows: an
interface debond onset of an angle 2Dh (symmetrical with respect
to the x-axis) is possible if
r1x
rc
P sðDh;gÞ; ð23Þ
hrc in (F.1) representing the upper limit of the semiangles Dh verify-
ing (23) for a given remote load.
Fig. 7 shows a representation of the stress criterion for glass/
epoxy deﬁned in Table 1 for different values of g. As explained
above, all the curves of the stress criterion are increasing. Thus,
for a load (values of r1x =rc and g) two zones can be deﬁned in this
diagram if hrc exists, a zone where a debond is possible ½0; hrc , and
another where it is not possible ðhrc ;180.
Note that, if k 6m an angle hg (see Fig. 7) can be deﬁned where
the stress criterion is independent of the remote secondary load r1y
as shown in Section 2. This semiangle separates the interface into
two regions, a region (h < hg) where a secondary compression
r1y < 0 facilitates a debond onset and another region (h > hg)
where it hinders a debond.
Finally it should be noticed that the stress criterion is not sufﬁ-
cient to uniquely characterize the debond onset, as it provides only
one inequality for two unknowns, the critical remote load and de-
bond angle after the onset.
4.2. Incremental energy criterion
An incremental Grifﬁth criterion is used here with the aid of
expressions developed in Section 3. First, an energy balance for
the onset of an interface crack of a ﬁnite length is introduced and
its different terms are particularized for this problem and analysed.
Finally, a condition for the minimum load originating an energeti-
cally allowed ﬁbre–matrix debond is deduced by means of a
dimensionless function of the crack length representing the ratio
of the dissipated to the released energy for this crack onset.
Similarly as in Manticˇ (2009), the energy balance can be written
as
DPþ DEk þ 2
Z Dh
0
GcðhdÞadhd ¼ 0; ð24Þ
where DP is the change in the potential energy between the states
prior to and after the onset of the ﬁnite length crack, DEk is the
change in the kinetic energy of the body, Gc is the interface fracture
toughness (called also fracture energy) and Dh is the semiangle of
the ﬁnite crack originated at onset. Note that heat transfer and
other types of energy dissipation have been neglected.
Interface fracture toughness Gc is considered to be dependent
on the semidebond angle hd as explained in the following. Accord-
ing to Hutchinson and Suo (1992), see also Manticˇ et al. (2006) and
further references therein, the variation of fracture toughness of an
interface crack depends on the fracture mode mixity. Fracture
mode mixity of the crack growing along the inclusion-matrix inter-
face can be characterized by the phase angle w deﬁned in (11),
writing GcðhdÞ ¼ Gcðwðhd;gÞÞ. The following phenomenological law
proposed by Hutchinson and Suo (1992):
GcðG1c;w; kÞ ¼ G1c bGcðw; kÞ ¼ G1c 1þ tan2 ð1 kÞw½  ; ð25Þwill be used in the present analysis. G1c is considered as the fracture
Mode I toughness, k is a fracture mode-sensitivity parameter, typi-
cal range 0:2 6 k 6 0:35 being characteristic of moderately strong
fracture mode dependance, bGc is a dimensionless normalized frac-
ture toughness function.
Fig. 8 shows the evolution of the interface fracture toughness as
a function of hd, taking hl ¼ 0:1 and k ¼ 0:3, for different values of
the load-biaxiality parameter g. Fracture toughness plots for nega-
tive values of g have vertical asymptotes at moderate values of hd.
This is due to the effect of the secondary compression r1y < 0 on
the fracture mode mixity increasing the participation of the frac-
ture Mode II.
The energetic balance (24) can be rewritten, in view of the
above analysis and assuming the production of kinetic energy be-
cause of the quasi-static initial state ðDEk P 0Þ, as
DPP
Z Dh
0
Gcðwðhd;gÞÞdhd: ð26Þ
Employing the relation between the differential ERR and the deriv-
ative of the potential energy with respect to the crack length
G ¼  dPdð2ahdÞ, this inequality leads to the energetic conditionZ Dh
0
Gðhd;r1x ;g; a; E;a;bÞdhd P
Z Dh
0
GcðG1c;wðhd;gÞÞdhd: ð27Þ
Inasmuch as Gð0Þ ¼ 0 and Gcðwð0;gÞÞ > 0, there is no solution of
(27) for values of Dh lower than a minimum semiangle h. Thus,
the energy criterion imposes, at least, a lower limit for the length
of the originated crack.
By substituting G from (12) and Gc from (25) into (27), the
expression of the incremental energy criterion takes the form
r1x
 2a
G1cE
 P g Dh;gð Þ; ð28Þ
where
gðDh;g;a;b; k; hlÞ ¼
R Dh
0
bGc wðhd;gÞð ÞdhdR Dh
0
bGðhd;gÞdhd > 0: ð29Þ
Note that, the dimensionless function g is independent of the partic-
ular values of the strength and fracture toughness parameters that
characterize the interface, except for the model parameters k and hl.
Function g represents the ratio of the dimensionless forms of the
incremental dissipated energy to the incremental released energy.
Fig. 9 shows the evolution of the dimensionless function g
(computed by numerical integration) and its curvilinear asymptote
calculated in Appendix D for different values of g and for glass/
epoxy deﬁned in Table 1. The function g has a minimum at an angle
that will be denoted as hEminðg;a; b; k; hlÞ > 0. The existence of this
minimum can be deduced from the behaviour of the functions bGc
and bG.
Taking into account that gðDhÞ is a decreasing function for
Dh < hEmin, for a sufﬁciently large r1x , there exists a lower limit
hEc 6 h
E
min for the semiangle Dh of energetically allowed debonds,
deﬁned by the equality in (28):
hEc ðr1x ;g;G1c; a; E;a; b; k; hlÞ 6 Dh: ð30Þ
In the particular case of hEc ¼ hEmin, according to the analysis intro-
duced in Manticˇ (2009),
Z hEmin
0
Gðhd;gÞdhd ¼
Z hEmin
0
Gcðwðhd;gÞÞdhd and
GðhEmin;gÞ ¼ GcðwðhEmin;gÞÞ: ð31Þ
Fig. 7. Graphical representation of the stress criterion for different values of g and glass/epoxy.
Fig. 8. Examples of the normalized interface fracture toughness evolutionbGcðwðhd;gÞÞ for different values of g, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy.
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dhd

hd¼hEc¼hEmin
6 dGcðwðhd;gÞÞ
dhd

hd¼hEc¼hEmin
: ð32ÞAssuming that G and Gc are strictly convex functions in the range
of interest, in fact, strict inequality holds in (32), see Manticˇ (2009).
Notice that, according to Figs. 5, 6 and 8, G is strictly convex for
1 6 g 6 1 whereas Gc is convex in all the situations studied.
The existence of a minimum of g leads to the prediction of a
minimum load originating an energetically allowed debond,r1;Ecx ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G1cE

a
gðhEmin;gÞ
r
: ð33ÞAccording to Fig. 9, a semiangle hEg exists where the function g is
roughly independent of the value of g for the bimaterial considered.
For Dh < hEg, the value of g reduces with decreasing r1y with respect
to a ﬁxed r1x . However, for Dh > h
E
g the effect of r1y is inverted. Nev-
ertheless, the value of hEg is somewhat large for the model assump-
tions. Therefore, in most cases of interest, increasing r1y for the
same r1x increases h
E
c , the lower limit for Dh allowed energetically.4.3. Coupled stress and energy criterion
The above stress and energy conditions are combined here tak-
ing into account that the stress criterion function s is an increasing
function, whereas the energy criterion function g is decreasing up
to a minimum point. As a consequence of the latter, one of two dif-
ferent scenarios, in simple terms corresponding to brittle or tough
conﬁgurations, takes place depending on the problem parameters.
The computational procedure for solving the nonlinear coupled cri-
terion problem is presented in pseudocode form. Then, the inﬂu-
ence of the biaxiality on the failure behaviour is studied. Results
presented show that in general the secondary transverse load can
slightly modify the critical value of the dominating transverse ten-
sion for glass/epoxy. For very brittle conﬁgurations, an analytical
expression of this dependence is obtained as a function of bimate-
rial elastic parameters a and b. A study of this inﬂuence is pre-
sented for typical composites and some limit cases.
The stress criterion (23) and the incremental energy criterion
(28), respectively, essentially impose an upper limit hrc (F.1) (see
also (21)) and a lower limit hEc (30) for an initial semidebond angle
considering a given remote load. Then, assuming a sufﬁciently
large remote load, the onset of a new crack of a semiangle Dh is
only possible if it veriﬁes:
hEc 6 Dh and Dh 6 h
r
c : ð34Þ
Typically these two limits approach each other when decreasing the
value of r1x for a ﬁxed g. Nevertheless, there is an exception when
hrc > h
E
min for the load r1;Ecx (33). Hence, two scenarios are possible as
described in the following. Without loss of generality, only conﬁgu-
rations where ~h0 (A.4) is deﬁned will be analysed.
In scenario A, both criteria, (23) and (28) are fulﬁlled as equal-
ities. This implies that the curves of both criteria have an intersec-
tion for a semiangle of the crack after the onset Dh ¼ hc , called
critical semidebond angle, giving the minimum value of r1cx ,
hc ¼ hEc ¼ hrc 6 hEmin: ð35Þ
As the function sðh;gÞ on the right-hand side of the stress criterion
is increasing with h (strictly increasing up to ~h0), it occurs if
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhEmin;gÞ
q
6 sðhEmin;gÞ: ð36Þ
Fig. 9. Universal dimensionless function gðDh;gÞ, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy.
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c ¼ 1
rc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G1cE

a
r
: ð37Þ
The value of hc can be computed by solving the following nonlinear
equation:
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhc;gÞ
p
¼ sðhc;gÞ: ð38Þ
Then, the value of the critical load originating a crack is easily cal-
culated, using the previously obtained value of hc , from
1
g
r1cy
rc
¼ r
1
cx
rc
¼ c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhc;gÞ
p
: ð39Þ
In scenario B, where condition (36) is not fulﬁlled, the minimum
load originating a crack is always associated to
hc ¼ hEmin; ð40Þ
because of the increasing character of g for Dh > hEmin. Hence,
1
g
r1cy
rc
¼ r
1
cx
rc
¼ c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhEmin;gÞ
q
; ð41Þ
the interface crack onset being essentially governed by the energy
criterion. In fact, r1cx ¼ r1;Ecx .
Let a threshold value of c be deﬁned from the equality in (36) as
cthðg;a;b; k; hlÞ ¼
sðhEmin;gÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhEmin;gÞ
q : ð42Þ
It is easy to see, that cth separates scenario A (0 < c 6 cth) from sce-
nario B (c > cth). If h
E
min P h0 then cth ¼ þ1 in view of (F.2), which
means that only scenario A is possible.
According to the deﬁnition of the two scenarios, the critical val-
ues of hc;r1cx and r1cy can be computed by the procedure shown in
Fig. 10.
The above deﬁned dimensionless structural parameter c (37)
can be referred to as stress oriented brittleness number (see Manticˇ
(2009) and further references therein). The adjective ‘‘stress ori-
ented’’ corresponds to the fact that the critical load (remote stress)
is in some sense proportional to this number, see (39) and (41). In
fact, in scenario B (with c > cth) the critical load is linearly propor-
tional to c. The brittleness number c is governing brittle-to-tough
transition in the ﬁbre–matrix debond onset, small values of ccorresponding to brittle and large values to tough conﬁgurations
(cf. Kushch et al. (2011)).
Whereas the values of the critical angle and load in tough con-
ﬁgurations, usually associated to scenario B, are simply described
by (40) and (41), the asymptotic behaviour of these values in brit-
tle conﬁgurations with vanishing values of c (c! 0þ), associated to
scenario A, requires a further analysis.
Looking at Eq. (38), which deﬁnes hc , for c! 0þ, it holds
gðhc;gÞ ! 1 because sðhc;gÞ on the right hand side of (38) is
bounded from below by its positive minimum value (20) for a ﬁxed
g. Taking into account condition (35) and deﬁnition of g in (29), see
also Fig. 9 and the approximation (D.3), it is obtained that
lim
c!0þ
hc ¼ 0: ð43Þ
In fact, hc behaves as a quadratic function of c for c! 0þ as shown
in Appendix D.
When evaluating the critical load for c! 0þ, which implies
hc ! 0þ, the following approximation is obtained, see (20):
r1cx
rc
J sð0;gÞ > 0 for c! 0þ: ð44Þ
Combining this equation with the deﬁnition of g in (4), the relation
between r1cx and r1cy can be approximated as
kmð Þ  r
1
cy
rc
þ k  r
1
cx
rc
J1 for c! 0þ: ð45Þ
This linear relation between critical stresses is given, in fact, by the
stress criterion (23) when considered for a small angle Dh.
Fig. 11, computed using the computational procedure in Fig. 10,
presents the effect of the brittleness number c on the critical semi-
angle hc , the arrest semiangle ha (deﬁned later in Section 4.4) and
on the critical remote load r1cx . This ﬁgure is a nice illustration of
the above mentioned brittle-to-tough transition in the ﬁbre–ma-
trix debond onset. It can be seen that the behaviour of hc and r1cx
agrees with the above analytic predictions, namely (D.4) with
(44) for small and (40) with (41) for large values of c.
Fig. 12 shows the safe regions and failure envelopes in ðr1cx ;r1cyÞ
plane for glass/epoxy bimaterial computed for different values of c
by applying the procedure described in Fig. 10. According to this
ﬁgure, an increase of remote secondary load r1y increases the crit-
ical load r1cx for sufﬁciently small values of c (recall that k=m < 1
and g0 > 0 for glass/epoxy). However, a non-monotonic boundary
Fig. 10. Computational procedure for the evaluation of hc ;r1cx and r1cy , assuming
g 6 1.
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In fact, it is observed that the curve which joins the points with the
maximum critical remote load r1cx shows that the maximum is sit-
uated at g ¼ 1 just for c! 0þ. For moderate values of c, the max-
imum critical remote load r1cx corresponds to g < 0. The reason for
this behaviour is clariﬁed in Fig. 13, where two situations are
explained.
In the ﬁrst case, the value of c is relatively small, Fig. 13(a),
which is associated to small values of hc , as previously demon-
strated. For small values of hc , the effect of the secondary load
r1y is the same for both the stress criterion and energy criterion
curves, both curves descending when g reduces. In the second case,
the value of c is larger, Fig. 13(b), and the values of hc are greater
than hg, see (9) and the discussion below. Then, for values of c orig-
inating hc > hg, an increase of the remote secondary load r1y makes
less restrictive the stress criterion and more restrictive the energy
criterion. Thus, the monotony of the function r1cxðr1cyÞ can be bro-
ken down as observed in Fig. 12 for moderate values of c.
The straight line deﬁned by (45) represents, according to Fig. 12,
a limit of failure envelope curves for c! 0þ. Note that the failure
envelope curves for c! 0þ in Fig. 12 show the most relevant inﬂu-
ence of the secondary load r1y on the value of the critical load r1cx .
Fig. 12 also shows the ‘‘threshold curve’’ which separates sce-
narios A and B. It is interesting to remark that greater values of c
correspond to a larger range of failure behaviour governed by sce-
nario B. On the contrary, the presence of a remote secondary com-
pression r1y < 0 leads to scenario A, for small and moderate values
of c.
Fig. 14 studies the inﬂuence of a and b values on the biaxial safe
region for c! 0þ, for selected theoretical (but possible) bimateri-
als and also for usual composites. From Dundurs’ a b parallelo-
gram it is seen that the most common bimaterials have very
similar properties in the debond onset problem. A more extensive
list of a b values for real bimaterials can be found in Suga et al.
(1988) and Schmauder and Meyer (1992).
The safe region in the limit case c! 0þ is deﬁned by the inter-
section of the semiplanes including the origin of coordinates andlimited by the straight line deﬁned by (45) and the symmetric
one with respect to the bisector of the coordinate axes. From
(45), the position of the corner point of the safe region ðg ¼ 1Þ is
given by
r1cx
rc
¼ r
1
cy
rc
¼ 1
2km : ð46Þ
The slope of the linear relation in (45) characterizes the inﬂuence of
the secondary load r1y on the critical load r1cx . This slope can be ex-
pressed as:
lim
c!0þ
@r1cx
@r1cy
 !
¼ g0; ð47Þ
where g0 is deﬁned in (A.1) and its range in (A.2), see also Fig. A.1.
Hence, this slope is only dependent on the elastic bimaterial prop-
erties and does not depend on the interface properties. In view of
the range of possible values for the slope (A.2), the safe region is al-
ways convex, cf. Fig. 14(b).
For k=m < 1 the slope (47) is positive and an increase in the sec-
ondary load r1y increases the critical load r1cx necessary to origi-
nate a debond, see Fig. 14. This is the case of the two bimaterials
deﬁned in Table 1, i.e. glass/epoxy and carbon/epoxy. However,
an opposite effect is predicted for k=m > 1, see Fig. 14. In fact, this
dependence matches up with the effect of the secondary load r1y
predicted by Goodier’s solution for the interface point h ¼ 0, see
(1), which shows that a compression or tension is expected at
h ¼ 0 when a secondary load r1y > 0 is applied for k=m < 1 or
k=m > 1, respectively.
The present results show that the inﬂuence of the secondary
load r1y on the critical load r1cx is at most moderate in usual com-
posites. Taking into account that in the case c! 0þ, analysed in
Fig. 14, the values of r1cx are the most sensitive to the values of
r1y , in general for k=m < 1 the inﬂuence of r1y on the value of
r1cx exists but it is small or at most moderate. For bimaterials as
glass/epoxy and carbon/epoxy with km < 1, these results agree with
the hypothesis introduced by París et al. (2003). According to this
hypothesis a secondary compression r1y makes easier the debond
onset for these bimaterials and reduces the critical load r1cx as
shown in Fig. 14(b). However, for bimaterials with km > 1 the effect
is opposite, a secondary compression r1y < 0 increases the critical
load r1cx .
4.4. Post-crack-onset evolution
After the onset of a new crack, an unstable growth of the crack
is possible depending on the relation between GðhdÞ and GcðhdÞ for
hd P hc and according to the criterion of the classical (inﬁnitesi-
mal) interface fracture mechanics (see Parı´s et al. (2007), Manticˇ
et al. (2006)). Thus, the condition for the further crack growth will
be
Gðhd;gÞP Gcðwðhd;gÞÞ; hd P hc: ð48Þ
The crack will stop growing at an arrest angle ha P hc verifying
Gðha;gÞ ¼ Gcðwððha;gÞÞ if for angles hdJ ha criterion (48) is not ful-
ﬁlled. The stability of the post-onset growth of the crack is different
for two scenarios A and B separated by cth, two post-onset scenarios
being possible:

 For c < cth;Gðhc;gÞ > Gcðwðhc;gÞÞ and the crack is expected to
continue growing in an unstable manner up to an arrest angle
ha > h
E
min, which can be shown similarly as in Manticˇ (2009).

 For cP cth; hc ¼ hEmin;Gðhc;gÞ ¼ Gcðwðhc;gÞÞ and dG=dhdjhd¼hEmin 6
dGc=dhdjhd¼hEmin , see (32) and the related discussion in Subsection
4.2. Therefore, assuming strict inequality in (32) (which, in fact,
Fig. 11. (a) Semiangles hc ; hEmin and ha , and (b) Critical remote tension r1cx as functions of the brittleness number c, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy.
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crack growth is usually expected after the crack onset and
ha ¼ hEmin.
Figs. 11(a) and 15 were computed by implementing the above
ideas. The values of G and Gc and their derivatives are compared
for hd P hc in order to ﬁnd the arrest semiangle ha. According to
these ﬁgures, a long unstable crack growth after the crack onset
is predicted for small values of c (brittle conﬁgurations), whereas
short (or zero) unstable crack growth is predicted for large vales
of c (tough conﬁgurations).4.5. Applicability of the open model of interface cracks
The applicability of the theoretical model developed is limited
by its assumptions, perhaps the most restrictive being the usage
of the open model of interface cracks. Toya (1974) solution as-
sumes negligible overlapping of traction-free crack faces. The angle
of the overlapping zone at the crack tip can be estimated by the
formula deduced by Hills and Barber (1993) and generalized by
Graciani et al. (2007), which rewritten for the present case is de-
ﬁned as the largest value ofhIðhd;gÞ¼ hl exp 2n1=2ð Þpwðhd;g;hlÞsigneþarctanð2 ej jÞð Þ= ej j½ ;
ð49Þlower than the semidebond angle hd, with n being an integer.
Fig. 16 shows the evolutions of bG for glass/epoxy and different
values of the load biaxiality parameter g. Additionally, for
c ¼ 1:5, corresponding to relatively tough conﬁgurations, the val-
ues of hc; hEmin and ha computed by the present model are indicated.
Finally, angles hI;1% for which the overlapping zone represent 1% of
the crack length, i.e. hI=2hd ¼ 0:01, providing a reasonable limit of
validity of the open model, are also presented in Fig. 16. This ﬁgure
shows that all the values of hc are lower than the reference limit
hI;1%, therefore the open model is acceptable for the evaluation of
hc and the critical load r1cx . However, it might not be fully accept-
able when computing ha for large negative values of g. Note that,
the above discussed limit on the semiangle hd is mainly due to
somewhat inaccurate evaluation of bG because of a large overlap-
ping zone at the crack tip, see also Fig. 6 and the related discussion.
A correct procedure for the evaluation of G^ is such cases would re-
quire employing the contact model of interface cracks as in Parı´s
et al. (2007) and Correa (2008).
Fig. 12. Critical biaxial loads originating a crack for different values of c, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy.
V. Manticˇ, I.G. García / International Journal of Solids and Structures 49 (2012) 2273–2290 22835. Size effect of the inclusion radius a on the crack onset and its
variations with the biaxiality
A size effect in the present debond onset problem can be under-
stood as a dependence of the critical remote load (r1cx ;r1cy) and crit-
ical semiangle hc on the only geometrical parameter in the present
problem, the inclusion radius a. As will be seen, this size effect is
directly related to the brittle-to-tough transition governed by the
brittleness number c, see Fig. 11.
Let a bimaterial characteristic length a0 be deﬁned in terms of
the interface properties rc and G1c and the harmonic mean of effec-
tive Young moduli E,
a0 ¼ G1cE

r2c
: ð50Þ
Then, the ratio aa0 and c are related by
c ¼
ﬃﬃﬃﬃﬃ
a0
a
r
: ð51Þ
A threshold value of a can be deﬁned in terms of the threshold value
cth (42),
ath ¼ a0c2th
; ð52Þ
scenario A taking place for aP ath and B for a < ath. In fact, all the
above analysis of the results obtained by the coupled stress andenergy criterion taking c as a governing parameter could be rewrit-
ten in terms of the ratio aa0, see Martin et al. (2008) for a similar ap-
proach. For sufﬁciently large values of a, which correspond to small
values of c, the critical semiangle hc and the critical remote load r1cx
can be approximated by the following expressions, see Section 4
and (D.4),
hc ﬃ 2cosh
2ðpeÞ
pð1þ 4e2Þ
a0
a
and
r1cx
rc
ﬃ 1
kþ ðkmÞg ; ð53Þ
whereas for a 6 ath,
hc ¼ hEmin and
r1cx
rc
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhEmin;gÞ
q ﬃﬃﬃﬃﬃ
a0
a
r
: ð54Þ
As follows from (53) and (54), the critical crack-semilength ahc is
constant and independent of a and g for large a, whereas for small
a it is linearly proportional to a.
The above described asymptotic behaviour of hc and r1cx can be
easily identiﬁed in Fig. 17 where the variations of hc; ha and r1cx as
functions of a are plotted. In particular, in Fig. 17(a) and (b) it is
seen that hc ¼ ha ¼ hEmin and r1cx  1=
ﬃﬃﬃ
a
p
, respectively, for a 6 ath.
Thus, r1cx increases drastically for small inclusions while for large
inclusions it tends to a constant value given by the stress criterion
applied at h ¼ 0. As can be observed in Fig. 17(b), the size effect on
r1cx is similar for different values of g, being quite independent of
the combination of remote transverse loads.
Fig. 13. Stress and energy criteria curves, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy for two different values of c. (a) c ¼ 0:4, (b) c ¼ 1.
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brittleness number c, interfacial tensile strength rc and fracture
toughness G1c
Although strength and fracture properties of the ﬁbre–matrix
interfaces play a key role in the initiation and propagation of
damage on the microscopic scale in unidirectional ﬁbre reinforced
composite laminas their experimental measurement is quite difﬁ-
cult. An indirect experimental procedure is proposed here for
obtaining, ﬁrst, the value of c and, subsequently, the values of
rc and G1c for a bimaterial interface. Elastic properties of the
bimaterial (E;a; b) are assumed to be known, as they can be mea-
sured by carrying out standard material tests for each material
separately.
To determine the interface properties, the sole measure of the
critical stress for the case of remote uniaxial tension (g ¼ 0) is
not sufﬁcient. The reason is that the critical stress depends not only
on c but also on rc , see the normalization used in (39). Neverthe-
less, if the critical stress is also measured for a biaxial load (g– 0),
then, the ratio of these critical stresses depends only on the value
of c due to the inﬂuence of c value on the solution hc of Eq. (38).This is the key idea behind the experimental procedure proposed.
This procedure employs plots of the ratio of critical stresses
r1cx ðg – 0Þ
r1cx ðg¼0Þ as a function of c or g. As an example, Fig. 18 shows values
of r
1
cx ðg – 0Þ
r1cx ðg¼0Þ for glass/epoxy, taking hl ¼ 0:1
 and k ¼ 0:3.
The steps of the experimental procedure are brieﬂy explained in
the following:
1. Determine the critical stress r1cx in the uniaxial tension test
(g ¼ 0). This is a relatively easy test, thus a good accuracy is
expected.
2. Determine another critical stress r1cx in a biaxial test for
g– 0. Combining the plots in Fig. 18 and a rough a priori
estimation of the c value, choose the most suitable value of
g to test by looking for an invertible segment of the pertinent
function plotted in Fig. 18a) and for its maximum slope.
Capabilities of the testing machine may represent an addi-
tional constraint.
3. Evaluate the ratio of the measured critical stress r
1
cx ðg – 0Þ
r1cx ðg¼0Þ . Then,
estimate a value of ~c from the measured ratio of the critical
stresses for the chosen value of g from Fig. 18(a).
Fig. 14. (a) a b diagram for bimaterials in plane strain with isovalue curves for c! 0þ corresponding to: solid lines with values of r1cx=rc ¼ r1cy=rc , and dashed lines with
values of @r1cx=@r1cy . (b) Some biaxial failure envelopes for c! 0þ for selected points in the a b diagram and usual composites. A: k=m ¼ 0:75, B: k=m ¼ 1, C: k=m ! þ1, D:
k=m ¼ 1:25, E: k=m ¼ 1:25, F: k=m ¼ 1:25, Carbon/epoxy: k=m ¼ 0:9200, Glass/polyester: k=m ¼ 0:9201, Glass/epoxy: k=m ¼ 0:9205, Aramid/epoxy: k=m ¼ 0:9217, Boro/
epoxy: k=m ¼ 0:9204.
Fig. 15. Semiangles hc ; hEmin and ha as functions of the biaxiality parameter g for different values of c, taking hl ¼ 0:1 ; k ¼ 0:3 and glass/epoxy.
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Fig. 16. Plots of evolution of values of dimensionless ERR limited by the semiangles hd with hI2hd=0.01 which estimate the validity of the model, and representation of values of
semiangles hc ; hEmin; h0 and ha; taking k ¼ 0:3; hl ¼ 0:1; c ¼ 1:5 for glass/epoxy.
Fig. 17. (a) Critical semiangle hc and arrest semiangle and ha (b) Critical remote tension r1cx as a function of the inclusion radius a, taking k ¼ 0:3; hl ¼ 0:1 and glass/epoxy.
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Fig. 18. Graphs for determination of c by applying the experimental procedure proposed. Predictions for r
1
cx ðgÞ
r1cx ðg¼0Þ as a function of (a) c and (b) g for glass/epoxy, hl ¼ 0:1
 and
k ¼ 0:3.
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lowing nonlinear equation, employing ~c, see (38):~c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gð~hc;gÞ
q
¼ sð~hc;gÞ ð55Þ5. Estimate the interfacial tensile strength rc from (39),~rc ¼
~r1cxðgÞ
~c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gð~hc;gÞ
q ; ð56Þ
where ~r1cx is one of the two values measured, either for g ¼ 0 or
g– 0.
6. Estimate the interfacial fracture toughness G1c from (37)eG1c ¼ ~rc~cð Þ2aE : ð57Þ
A few comments follow with reference to a possible stumbling
block in the 2nd step of the above procedure.
As can be observed from Fig. 18(a), the ratio r
1
cx ðg – 0Þ
r1cx ðg¼0Þ for a given
g is not an injective (one-to-one) function of c for the whole range
of c considered. Nevertheless, this ratio may become an injective
function of cwhen restricted to a suitable interval of c, e.g. to small
values of c roughly in the range 0 < cK1. In general, an a priori
estimate of c will be very useful in choosing a suitable g– 0 for
the biaxial test and a pertinent interval of c where the above ratio
is an injective function.
Recall that for c > cth the critical semiangle is constant
(hc ¼ hEmin) and the energy criterion determines the critical remote
tension, which is directly proportional to c, see (41). Then, for agiven value of g, the value of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhEminðgÞ;gÞ
q
is ﬁxed. Thus, the ratio
shown in Fig. 18(a) for cP cthðgÞ and cP cthðg ¼ 0Þ is
r1cxðgÞ
r1cxðg ¼ 0Þ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhminðgÞ;gÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gðhminðg ¼ 0Þ;g ¼ 0Þ
p : ð58Þ
Hence, this ratio is a constant independent of c, as can be observed
in Fig. 18(a). Obviously for these rather large values of c, the pro-
posed experimental procedure (including the biaxial test for only
one value of g) is not directly applicable.
Nevertheless, repeating the biaxial tests for several adequately
chosen values of g and applying least square ﬁtting to functions
plotted in Fig. 18(b) could provide a good estimation of c, and sub-
sequently of rc by (56) and G1c by (57) as well.7. Concluding remarks
1. The problem of the onset of a debond of a ﬁnite length at the
initially undamaged interface of a circular cylindrical inclusion
embedded in an inﬁnite matrix subjected to a remote biaxial
transverse load has been studied. A theoretical model has been
developed assuming linear elastic plane strain states before and
after the debond onset and sufﬁciently dilute packing. The crit-
ical biaxial load leading to the onset of a debond symmetrically
situated with respect to the dominating remote tension is pre-
dicted together with the debond size. The present model is
based on the Finite Fracture Mechanics approach introduced
by Leguillon (2002) combining a pointwise normal tension cri-
terion with an incremental energy criterion.
Fig. A.1. Domain of existence of h0 2 ½0 ;90 in the plane of the elastic bimaterial
parameter k=m and the biaxiality parameter g for r1x > 0.
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knowledge of the governing parameters and to overall under-
standing of the failure mechanism in the ﬁber composites under
tension dominated transverse loads. A special attention has
been given to the inﬂuence of a secondary compression/tension
on the value of the critical (primary) tension. Although the pres-
ent work is focused on a stiff inclusion embedded in a compli-
ant matrix (glass/epoxy composite has been used as a
representative example), most results are generally valid for
any combination of elastic bimaterial parameters.
For the sake of simplicity a remote biaxial stress state ðr1x ;r1y Þ
with r1xy ¼ 0 is assumed. Nevertheless, the present model and
results may be easily adapted to a general remote in-plane
stress state with r1xy – 0 by working in its principal coordinate
system and assuming that at least one principal stress is
tension.
2. The predictions of the present model are governed by the
dimensionless brittleness number c introduced for interface
cracks in Manticˇ (2009). A consequence of this fact is that a size
effect on the critical remote load and on the size of the debond
at onset is predicted by the present model.
It may be useful to realize that an alternative brittleness num-
ber given in terms of the critical Stress Intensity Factor (SIF) in
fracture Mode I K1c , instead of the critical ERR G1c , can be pro-
posed. Taking into account the relation between the complex
Stress Intensity Factor K and Energy Release Rate G in interfacial
fracture mechanics (see Malyshev and Salganik (1965))
G ¼ jKj2=ðE  cosh2ðpeÞÞ, this alternative brittleness number is
expressed ascK ¼ c  coshðpeÞ ¼
K1c
rc
1ﬃﬃﬃ
a
p : ð59Þ
Recall that the expression of cK in terms of K1c reminds the clas-
sical deﬁnition of the brittleness number s in homogeneous
materials by Carpinteri (1981). Note that, e ¼ 0 for a crack in a
homogeneous material, thus cK ¼ c in this case.
3. The way how the remote secondary load r1y inﬂuence the crit-
ical value of remote tension r1cx depends on the value of the
ratio k=m ¼ 12 2þab1þa2b, deﬁned in terms of the Dundurs elastic
bimaterial parameters a and b. In particular, for c 1, a remote
secondary compression r1y decreases or increases r1cx if k=m < 1
or k=m > 1, respectively. This result, for k=m < 1, is coherent
with the hypothesis proposed and experimentally veriﬁed by
París et al. (2003) for a particular carbon/epoxy composite.
For moderate or larger values of c; cJ1, this model predicts an
almost negligible inﬂuence of the secondary compression r1y on
the critical tension r1cx for the glass/epoxy bimaterial studied,
having a somewhat ﬂat maximum for gK0 (see Fig. 12). This
observation is related to the fact that the critical semidebond
angles hc predicted for these values of c are sufﬁciently large
to make the inﬂuence of the secondary compression r1y more
complex. However, the latter conclusions should be accepted
with a caution in view of the range of model applicability,
which appears to be very suitable for brittle conﬁgurations
but possibly to a lesser extent for tough ones.
4. In addition to the inclusion-matrix debond onset mechanism
studied in the present work, other failure mechanisms can
occur in the inclusion-matrix system under remote transverse
loads. This is, for example, the case of the dominating compres-
sive load studied by the coupled stress and energy criterion in
Quesada et al. (2009), where parallel cracks in the inclusion
and the matrix are predicted. Another example of inclusion-
matrix debond conﬁgurations not allowed by the present
assumption of the debond symmetrically situated with respect
to the principal directions of the remote load was studied inCorrea et al. (2008). Experimental tests of specimens subjected
to remote transverse compressions show debonds originating at
interface positions with large shear stresses. Thus, in order to
complete the picture of failure envelopes shown in Fig. 12, such
conﬁgurations should be studied in a similar way as done in the
present work. In order to take into account the inﬂuence of
interface shear stresses, the stress criterion should be revised.
The Mohr–Coulomb criterion (used in brittle materials and soil
mechanics, see Carpinteri (1986) for a review) appears to be a
suitable candidate as it shows a good agreement with the
experiments carried out by Toda et al. (2001) and Ogihara and
Koyanagi (2010) for failures at interfaces.
Acknowledgements
The authors thank to Prof. F. París for his motivation and contin-
uous support of the present work. The authors also thank to Dr. E.
Correa for her Mathematica code of Toya’s solution used for check-
ing proposes. This work was supported by the Junta de Andalucía
and the Spanish Ministry of Science and Innovation, through the
Projects TEP4051 and MAT2009–14022, respectively. I.G. García
also acknowledges the support by the Spanish Ministry of Educa-
tion through the FPU Grant 2009/3968.
Appendix A. Existence of an angle h0 (8) where the interface
normal traction vanishes
Let a threshold parameter g0 be deﬁned as
g0 a;bð Þ ¼
k
m
 1
 1: ðA:1Þ
It will be useful to know how the ranges of this parameter corre-
spond to the ranges of k=m,
g0 2 ð1;0|ﬄﬄﬄ{zﬄﬄﬄ}
k
mP1
[ ð0;1=3|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
3=46 km<1
: ðA:2Þ
Then, the expression on the right-hand side of (8) makes sense for
g < 1 only if
g 6 g0 if 34 6 km 6 1;
1
g0
6 g 6 g0 if km > 1:
(
ðA:3Þ
As can be seen in Fig. A.1, only tensions (compressions) take place
along the whole interface for g > g0 (for g < 1=g0 and km > 1).
V. Manticˇ, I.G. García / International Journal of Solids and Structures 49 (2012) 2273–2290 2289It will be convenient to extend the deﬁnition of h0 in (8), which
gives the position where the interface normal traction vanishes, by
deﬁning ~h0 as follows
~h0 g;a;bð Þ ¼
h0; 9h0; see ðA:3Þ
90; g0 6 g 6 1;
9= ; g < 1=g0 and k=m > 1:
8><>: ðA:4ÞAppendix B. Functions v and p in Toya’s solution for stresses
(10)
vðh; hd;bÞ ¼ ðeih  eihd Þð1=2Þieðeih  eihd Þ1=2þie; ðB:1Þ
pðh; hd;g;bÞ ¼ qðhd;g;bÞðeih  ðcos hd  2e sin hdÞÞ
 1þ a
1 a ð1 gÞe
2eðphdÞihðcos hd þ 2e sin hd  eihÞ;
ðB:2Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
is the imaginary unit,
qðhd;g;bÞ ¼
"
ð1þ gÞð1 ðcos hd  2e sin hdÞe2eðhdpÞÞ
þ1
2
ð1þ aÞð1þ 4e2Þð1 gÞ sin2 hd
#.
3þ a ð1 aÞðcos hd  2e sin hdÞe2eðhdpÞ
	 
 1þ g
1 a ;
ðB:3Þ
and
e ¼ 1
2p
ln
1 b
1þ b ; ðB:4Þ
is the so-called oscillation index (see Table 1).
Appendix C. Expression of bG in (12)
bGðhd;g;a;bÞ ¼ p4 e2eðphdÞða 1Þ2 1þ 4e2  cðhd;g;a;bÞjj
þ dðhd;g;a; bÞjj2  sin hd; ðC:1Þ
with
cðhd;g;a;bÞ ¼ 12 ð1þ aÞ 1þ 4e
2 ðg 1Þ sinðhdÞ2
þð1þ gÞ 1þ e2eðphdÞð2e sinðhdÞ  cosðhdÞÞ
 

=
3þ aþ e2eðphdÞða 1ÞðcosðhdÞ  2e sinðhdÞÞ
	 

; ðC:2Þ
and
dðhd;g;a;bÞ ¼ 1 e
2eðphdÞihd ð1þ aÞðg 1Þ þ g
a 1 : ðC:3ÞAppendix D. Asymptotic analysis of bG and G in (12) and g in (29)
for a vanishing critical semiangle hc in (35)
For a vanishing crack semiangle, the derivatives of bG and G, de-
ﬁned by (12), with respect to the crack semiangle and semilength
respectively are,
dbG
dhd

hd¼0
¼ kþ ðkmÞgð Þ2 p 1þ 4e
2
 
cosh2 peð Þ
; ðD:1Þ
dG
dðahdÞ

hd¼0
¼ kþ ðkmÞgð Þr1x
	 
2 p 1þ 4e2 
Ecosh2 peð Þ
: ðD:2ÞThis expressions agree with the analogous derivative of ERR seen in
Rice (1988) for a crack at a straight interface. It is instructive to no-
tice that the factor kþ ðkmÞgð Þ agrees with the concentration fac-
tor of normal tractions rðhÞ obtained from Goodier’s solution at
h ¼ 0, see (5a) and (7).
On the other hand, the function g, deﬁned by (29), can be
approximated for small values of Dh. As wðhdÞ is small for small
hd, thus tan2ð1 kÞw is negligible with respect to the unity and
GcðwÞ’G1c. Then, using (D.1), for small Dh,
gðDh;g;a;b; k; hlÞJ ~gðDh;g;a; bÞ
¼ 2bG0ð0;g;a;bÞ  Dh ¼ cosh
2 peð Þ
p 1þ 4e2ð Þ kþ ðkmÞgð Þ2
2
Dh
; ðD:3Þ
where the asymptotic approximation function ~g is smaller than the
exact function g, see Fig. 9.
Then, combining the approximation of g in (D.3) and Eqs. (38)
and (19), hc can be approximated by
hc ﬃ 2ðkþ ðkmÞgÞ
2bG0ð0Þ c2 ¼ 2cosh
2ðpeÞ
pð1þ 4e2Þ c
2 for c! 0þ: ðD:4Þ
Note that, this asymptotic solution is independent of the load biax-
iality parameter g. Therefore, for small values of c, the effect of the
remote secondary load r1y on the semiangle of the crack originated
is negligible.
Appendix E. Partitioning of bG into two components bGI and bGII
ERR based measure of fracture mode mixity, angle wG, is deﬁned
in terms of the components GI and GII corresponding to fracture
modes I and II as follows:
tan2 wG ¼
GII
GI
¼
bGIIbGI : ðE:1Þ
According to Manticˇ and París (2004), the ERR and the SIF based
measures of mode mixity, phase angles w and wG, respectively,
can be related by the following expression:
cosð2wGÞ ¼ FðeÞ cos 2ðwþ w0ðdh=hl; eÞÞ½ ; ðE:2Þ
where e is deﬁned in (B.4),
FðeÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sinhð2peÞ
2peð1þ 4e2Þ
s
; ðE:3Þ
and
2w0ðdh=hl; eÞ ¼ 2e lnðdh=2hlÞ þuðeÞ  arctanð2eÞ ðE:4Þ
with
uðeÞ ¼ arg Cð1=2þ ieÞ
Cð1þ ieÞ
 
; ðE:5Þ
CðÞ being the gamma function.
Combining (E.1), (E.2) and some trigonometric identities, the
value of bGIðhd; dhÞ and bGIIðhd; dhÞ can be expressed in terms of
wðhlÞ as,
bGI;IIðhd; dhÞ ¼ 12 bGðhdÞð1 FðeÞ cosð2ðwðhd; hlÞ þ w0ðdh=hl; eÞÞÞ:
ðE:6ÞAppendix F. General expressions of hrc (21) and s (19) suitable for
computational proposes
By combining the upper limit for hrc given by h0 (8) in (22), the
conditions for the existence of h0 in (A.3) with the stress criterion
2290 V. Manticˇ, I.G. García / International Journal of Solids and Structures 49 (2012) 2273–2290condition in (19), and the condition of a minimal load (20), a max-
imum semiangle of a debond for a given load according to the
stress criterion can be expressed as
hrc
r1x
rc
;g;a;b
 
¼
9=; g61=g0 andk=m>1ð Þorr
1
x
rc <
1
kþðkmÞg;
180; g>g0 and
r1x
rcP
1
kð1þgÞm;
arcsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kþðkmÞg rcr1x
ð1gÞm
r
; inothercases:
8>><>>:
ðF:1Þ
Similarly, the following dimensionless function sðh;gÞ, initially de-
ﬁned in (19), can be generalized for h 2 ½0;180 by using ~h0 (A.4) as
sðh;g;a; bÞ ¼
1
kþðkmÞgð1gÞm sin2 h ; 9~h0 and h < ~h0;
þ1; 9h0 and hP h0;
1
kð1þgÞm ; g > g0 and hP 90
;
þ1; g 6 1=g0 and k=m > 1:
8>>><>>:
ðF:2ÞAppendix G. Proof of inequality dGdhd <
dGc
dhd
for hd ¼ hEc ¼ hEmin
For the sake of simplicity, the following notation will be used
GðhdÞ ¼ Gðhd;r1x ;g; a; E;a; bÞ and GcðhdÞ ¼ Gcðwðhd;gÞ;G1c; kÞ. Recall
that hEc is deﬁned as the minimum positive angle for which the
equality in (27), or equivalently in (28), hold. Then, if hEc ¼ hEmin,Z Dh
0
GðhdÞdhd <
Z Dh
0
GcðhdÞdhd for 0 < Dh < hEmin; ðG:1Þ
andZ hEmin
0
GðhdÞdhd ¼
Z hEmin
0
GcðhdÞdhd: ðG:2Þ
By substracting (G.1) from (G.2),Z hEmin
Dh
GðhdÞdhd >
Z hEmin
Dh
GcðhdÞdhd for 0 < Dh < hEmin: ðG:3Þ
Let GðhdÞ and GcðhdÞ be approximated by Taylor polynomials cen-
tered at hd ¼ hEmin,
GðhdÞ  GðhEminÞ þ
dG
dhd

hd¼hEmin
ðhd  hEminÞ þ O ðhd  hEminÞ2
 
; ðG:4aÞ
GcðhdÞ  GcðhEminÞ þ
dGc
dhd

hd¼hEmin
ðhd  hEminÞ þ O ðhd  hEminÞ2
 
: ðG:4bÞ
Then, introducing (G.4) in (G.3) and integrating the Taylor polyno-
mials, the following inequality is obtained, denoting h ¼ hEmin  Dh:
GðhEminÞh
dG
dhd

hd¼hEmin
h2
2
þ O h3
 
> GcðhEminÞh
dGc
dhd

hd¼hEmin
h2
2
þ O h3
 
for 0 < h < hEmin: ðG:5Þ
Hence, taking into account that GðhEminÞ ¼ GcðhEminÞ from (31) and
considering (G.5) for vanishing h > 0,
dG
dhd

hd¼hEmin
6 dGc
dhd

hd¼hEmin
; ðG:6Þ
otherwise (G.5) could not hold for a sufﬁciently small h > 0.
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